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Abstract
Let F be an algebraically closed field of characteristic = 2,3, W a F -vector space and
L⊂ gl(W) with nilW L= (0), dimF L=∞. Suppose L⊂ fgl(W) is a finitary subalgebra.
The faithful irreducible L-modules are determined. It is shown that L has minimal ideals.
If a minimal ideal S is infinite-dimensional then SW is a completely reducible L-module.
Suppose L ∩ fgl(W) = (0), W is L-irreducible and char(F) > 3. Then L is classified in
terms of L∩ fgl(W).
 2002 Elsevier Science (USA). All rights reserved.
1. Introduction
Let in this note F be an algebraically closed field of characteristic = 2,3 (if
not stated otherwise), and V an infinite-dimensional F -vector space. The set
fgl(V )= {x ∈ gl(V ) ∣∣ dimxV <∞}
is an ideal in gl(V ), because
rk(x + y) rk(x)+ rk(y), rk([x, y]) 2rk(x), ∀x, y ∈ gl(V )
holds.
Every Lie subalgebra of fgl(V ) is called “finitary.” A Lie subalgebra L
of gl(V ) is called “irreducible” if V is an irreducible L-module. In [BS01]
all irreducible subalgebras G of fgl(V ) have been classified, which extends
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Baranov’s work in characteristic 0 [B99]. Even more, a “local system” of finite-
dimensional subalgebras of such an algebra G with rather restricted properties
has been exposed. Such a system characterizes G completely. Again this result is
completely analogous to that of [B99] in 0 characteristic, and it is an essential
extension of that of [L00] in positive characteristic. The existence of such a
local system is one of the basic tools in this note. Section 2 is devoted to the
investigation of the faithful finitary irreducible representations of an infinite-
dimensional Lie algebra. Theorem 2.5 extends Baranov’s work on simple algebras
in characteristic 0 [B99].
In Section 3 we consider a finitary Lie algebra L⊂ fgl(W) with nilW L= (0).
Here nilW L is the maximal ideal of L consisting of nilpotent transformations. In
such an algebra every ideal contains a minimal ideal of L (Theorem 3.4). Let S
be a minimal ideal of L with dim S =∞. Then SW is a completely reducible
L-module. There are examples that W itself is not completely reducible. These
results seem to be new even in 0 characteristic.
Section 4 deals with irreducible Lie algebras L ⊂ gl(V ) which contain a
nonzero transformation of finite rank. Quite recently Baranov [B01] described
these algebras in characteristic 0. He heavily uses the classification of the simple
finitary Lie algebras over fields of characteristic 0. The above mentioned progress
on finitary Lie algebras and their representations in positive characteristic now
allows a classification of these algebras in positive characteristic > 3 as well
(Theorem 4.1).
Surprisingly enough our results in positive characteristic are very similar to
those of [B01] in characteristic 0. One major difference arises from the fact that
finite-dimensional semisimple Lie algebras in characteristic 0 are direct sums of
simple algebras, while in positive characteristic R.E. Block’s result [Bl68] on
semisimple Lie algebras shows that truncated polynomial rings come into play.
We like to add a remark on the general assumption “char(F ) = 2,3.” As
has been mentioned the existence of a “nice” local system for every finitary
irreducible Lie algebra is very basic for all considerations in this note. To prove
the existence of such a local system one has to apply the classification of
the simple finite-dimensional Lie algebras over algebraically closed fields. This
classification, however, has been accomplished in positive characteristic p only if
p > 3 [PS01]. All results of [BS01] and this note rely on the classification [PS01].
2. Finitary irreducible Lie algebras
Finitary (simple or irreducible) Lie algebras can be described nicely by suitable
local systems.
Definition 2.1. A family Π of subalgebras of a Lie algebra G is called a local
system of G, if
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(a) for H1, H2 ∈Π there is H3 ∈Π containing H1,H2,
(b) ⋃{H ∈Π} =G.
The following statements are well known (see for instance [BaS95]).
(1) If ⋃mi=1 Πi is a local system, then there is i0 such that Πi0 is a local system.
(2) If Π is a local system and H0 ∈Π , then {H ∈Π |H0 ⊂H } is a local system.
We quote the following theorem.
Theorem 2.1 [BS01]. Let F be an algebraically closed field of characteristic
= 2,3, V an infinite-dimensional F -vector space, and L⊂ fgl(V ) an irreducible
subalgebra. There is X ∈ {A,B,C,D} such that the following is true. The family
of all finite-dimensional subalgebras H of L satisfying the following conditions
is a local system XL of L.
(a) H =H(1)⊕C(H).
(b) H(1) =Xk(H) (k(H) 4) is a classical simple algebra of type X.
(c) dimH1 ≡ 0, dimHV ≡ 0 mod(p) if char(F )= p = 0.
(d) nilH = (0).
(e) H(1) is spanned by elements of rank 2.
(f) V = (annV H)⊕ (HV ).
(g) HV is H(1)-irreducible, and is the natural module of respective dimension
k(H)+ 1, 2k(H)+ 1, 2k(H), 2k(H) for X =A,B,C,D.
(h) dimHV > 217.
Note that in Theorem 2.1 L(1) is simple [BS01, Theorem 4.1].
Corollary 2.2. If L is simple then the family X ′L consisting of all finite-
dimensional simple subalgebras H ∈ XL is a local system of L.
Proof. Since L is simple, one has L = L(1) = ⋃{H(1) | H ∈ XL}. For every
H ∈XL, H(1) is simple. ✷
If we want to indicate the underlying vector space V , we also write XL,V =
XL.
L is said to be of type A,B,C, or D, if there is a local system XL with
X =A,B,C,D. We just mention that type D algebras are also of type B [B99].
Theorem 2.1 allows the following easy but nevertheless important observation.
Let F be algebraically closed of characteristic = 2,3 and V an infinite-
dimensional F -vector space. Suppose L ⊂ fgl(V ) is an irreducible subalgebra.
Then
V = (annV H)⊕HV ∀H ∈XL.
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The action of L on the dual space V ∗ = HomF (V,F ) is given by
(xϕ)(v)=−ϕ(xv) ∀x ∈ L, ϕ ∈ V ∗, v ∈ V.
Thus there is a natural module isomorphism
HV ∗ ⊂ {ϕ ∈ V ∗ ∣∣ ϕ(annV H)= 0}∼= (HV )∗ ∀H ∈ XL.
Since HV is H -irreducible and finite-dimensional, (HV )∗ is H -irreducible as
well. Hence the above mentioned injection is surjective,
HV ∗ ∼= (HV )∗, hϕ → hϕ|HV ∀H ∈XL.
Consequently, L acts finitarily on V ∗ and
V∗ := LV ∗
is an irreducible L-module. Next consider the natural vector space homo-
morphism
ˆ :V → (V∗)∗, v →
(
vˆ: ϕ → ϕ(v)).
Clearly, this is an L-module homomorphism. Since LV = V , it follows that V̂ ⊂
L(V∗)∗ = V∗∗. Substituting V by V∗ in the above deliberations we conclude that
V∗∗ is an irreducible L-module. Hence there is a natural L-module isomorphism
V ∼= V∗∗, v →
(
vˆ: ϕ → ϕ(v)).
Let H ∈ XL,V . Then V = HV ⊕ annV H . For every ϕ ∈ V∗ there is ϕ1 ∈
HV ∗ ∼= (HV )∗ such that (ϕ − ϕ1)(HV ) ⊂ annV H . Then ϕ − ϕ1 ∈ annV∗ H(1)
and hence V∗ = HV ∗ + annV∗H(1). Since HV∗ ⊂ HV ∗ and HV ∗ is H -
irreducible, one has HV∗ =HV ∗. For the same reason HV ∗ ∩ annV∗H(1) = (0).
Hence
V∗ =HV ∗ ⊕ annV∗H,
and therefore H ∈ XL,V∗ . Thus XL,V ⊂ XL,V∗ . By the symmetry V∗∗ ∼= V one
obtains
XL,V =XL,V∗ .
Suppose L is of type A, i.e., there is a local system AL as in Theorem 2.1, so that
H(1) ∼= sl(k(H)+ 1) ∀H ∈AL.
There is a canonical isomorphism of vector spaces
σ :V∗ ⊗F V → fgl(V ), σ (ϕ ⊗ v)(ω)= ϕ(ω)v.
Obviously, σ maps{∑
ϕi ⊗ vi
∣∣∣ ϕi ∈HV∗, vi ∈HV, ∑ϕi(vi)= 0}
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onto the set of elements x with trace (x)= 0, xV ⊂HV , x(annV H)= (0), which
is sl(HV )=H(1). Suppose L is simple. Then
L=
⋃{
H
∣∣H ∈A′L}= {∑ϕi ⊗ vi ∣∣∣ ϕi ∈ V∗, vi ∈ V, ∑ϕi(vi)= 0}.
In the notation of [B99], this means
L∼= fsl(V ,V∗).
If L is not simple, then
L∼= V∗ ⊗F V ∼= fgl(V ,V∗).
For the sake of completeness we give an explicit description of the other type
algebras as well. Suppose L is of type B,C, or D. Fix H0 ∈ XL. Consider
X˜ := {H ∈ XL |H0 ⊂H }
which is a local system of L. For H , H ′ ∈ X˜ , H ⊂H ′, there are nondegenerate
bilinear forms ϕ and ϕ′ on HV and H ′V , respectively, such that H(1) and
H ′(1) are the algebras of all invariant elements. The H -decomposition of V
yields a decomposition H ′V =HV ⊕ annH ′V H . Since H(1) ⊂H ′(1) consists of
invariant elements with respect to ϕ′, the above decomposition is ϕ′-orthogonal.
Hence ϕ′|HV is nondegenerate. As F is algebraically closed, HV is finite-
dimensional and H(1)-irreducible, there is α ∈ F ∗ such ϕ′|HV = αϕ.
Apply this result to the case H =H0. We now may adjust simultaneously all
ϕ = ϕH forH(1) ∈ X˜ such that ϕ|H0V = ϕH0 . Then we obtain in the above setting
ϕ′|HV = ϕ. Therefore there is a nondegenerate bilinear form Φ on V defined by
Φ|HV×HV = ϕH for all H ∈ X˜ , and
L(1) =
⋃{
H(1)
∣∣H ∈ X˜}⊂ fo(V ,Φ).
Assume on the other hand that x ∈ fo(V ,Φ). There exists H ∈ X˜ such that
xV ⊂HV . Note that
ϕH (xv, v
′)=Φ(xv, v′)=−Φ(v,xv′)=−ϕH (v, xv′) ∀v, v′ ∈HV.
Since H(1) consists of all invariant elements on HV , there is h ∈H(1) such that
(x − h)(HV ) = (0). Recall that the decomposition V = HV ⊕ annV H is ϕH -
orthogonal, hence
Φ
(
(x − h)v,w)=Φ(xv,w)=−Φ(v,xw) ∈Φ(v,HV )= 0
∀v ∈ annV H, w ∈ V.
Consequently, (x − h)V = 0 and hence x = h ∈L(1). Thus
L(1) = fo(V ,Φ).
Note that Φ gives rise to a natural isomorphism (HV )∗ ∼=HV ∀H ∈ X˜ , as H(1)-
modules. This in turn means that V∗ ∼= V as L(1)-modules. Let σ :V∗ ∼= V denote
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this isomorphism. For x ∈ L set x∗, xV , x ′ the linear transformations defined by
x on V∗, on V , and x ′ = σ ◦ x∗ ◦ σ−1. Then x ′ = xV for all x ∈ L(1). Since
[x ′ − xV ,L(1)] = (0) for all x ∈ L and V is L(1)-irreducible, one has x ′ − xV =
α(x) IdV . On the other hand, x ′ − xV acts finitarily on V and dimV =∞. Thus
α(x)= 0 for all x ∈ L, and therefore
V∗ ∼= V as L-modules.
We finally mention that [B99, Theorem 8.2] cannot be true. Namely, that theorem
would imply that V ∗ = LV ∗ = V∗. But it is for instance immediate that if V
has countable dimension, then V∗ has countable dimension and V ∗ has not. The
correct (and extended) statement will be found below in Theorem 3.7.
Let H be any subalgebra of a Lie algebra G ⊂ gl(V ). We denote by EH :=
EH,V the associative subalgebra of EndV generated by H , and set E ′H :=EH + F IdV . Note that EH does not necessarily contain a unit element. Another
consequence of Theorem 2.1 is the following corollary.
Corollary 2.3. Let L⊂ fgl(V ) be an irreducible subalgebra. Then EL is a simple
algebra.
Proof. For any H ∈XL one has V = (annV H)⊕HV , and HV is H -irreducible.
Thus
EH,V ∼=EH,HV = End HV
is simple. Clearly
{EH,V |H ∈ XL}
is a local system of EL,V . Then EL,V is simple. ✷
In order to investigate representations of irreducible finitary Lie algebras we
have to treat the representations of the members of XL.
Lemma 2.4. Let F be an algebraically closed field of characteristic = 2,3 and
W a F -vector space. Suppose H is a finite-dimensional subalgebra of fgl(W),
H = H(1) ⊕ C(H), and H(1) is isomorphic to one of the classical algebras
An,Bn,Cn,Dn with suitable n 4. Assume that
(a) there exists a finite sequence of H -submodules
(0)=W0 ⊂N1 ⊂W1 ⊂ · · · ⊂Wm ⊂Nm+1 =W
such that
H(1)Ni ⊂Wi−1 ∀i = 1, . . . ,m+ 1,
Wi/Ni is the canonical H(1)-module of dimension n + 1,2n+ 1,2n,2n in
the respective cases, ∀i = 1, . . . ,m+ 1;
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(b) if char(F )= p > 3 then dimH(1) ≡ 0 (modp), and if H(1) ∼= sl(n+ 1) is of
type A, then n+ 1 ≡ 0 (modp).
Then the H -module W splits
W ∼= (annW H(1))⊕ m⊕
i=1
Wi/Ni.
Proof. (a) Identify H(1) with the respective classical simple Lie algebra An,Bn,
Cn,Dn and W1/N1 with the canonical module. If the characteristic of F is p > 3
then the ordinary trace form
κ(x, y) := trace (xy) ∀x, y ∈H
is nonzero (observe that in case H(1) ∼= An one has p  n+ 1 by assumption (b);
then see [Se67, p. 47/48]). Clearly, this statement is also true in characteristic 0.
Let (ei), (ei) be dual bases of H(1) with respect to κ :
κ
(
ei, e
j
)= κ(ej , ei)= δi,j , 1 i, j  dimH(1).
Put
c :=
dimH(1)∑
i=1
eiei ∈U(H),
which, when acting on W1/N1, is the Casimir operator of the canonical
representation. Then [H,c] = (0), and as F is algebraically closed, assumption
(a) yields
c|W1/N1 = α IdW1/N1, α ∈ F,
where
α dimW1/N1 = trace(c|W1/N1)=
dimH(1)∑
k=1
κ
(
ek, ek
)= dimH(1).
As dim H(1) ≡ 0 mod (p) in positive characteristic (by assumption (b)), one
obtains α ≡ 0 in both positive and 0 characteristic.
(b) Since H and hence c acts finitarily on W , there is a Fitting decomposition
with respect to c,
W =W 1(c)⊕W 0(c),
where c acts invertibly on W 1(c) and nilpotently on W 0(c) (see [BS01]). Both
these spaces are H -modules. Clearly, all H -modulesNi,Wi decompose likewise.
One has
W 01 (c)/N
0
1 (c)=W 01 (c)/N1 = (0),
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since c acts on this space as α Id and also acts nilpotently. Similarly,
N1i (c)/W
1
i−1(c)= (0) ∀i = 1, . . . ,m+ 1,
since c acts nilpotently and invertibly on these spaces. Thus the original sequence
gives rise to sequences of H -modules
(0)⊂N1 ⊂N02 (c)⊂W 02 (c)⊂ · · · ⊂N0m+1(c)=W 0(c),
(0)=W0 ⊂W 11 (c)⊂W 12 (c)⊂ · · · ⊂W 1m(c)⊂W 1(c).
As to the first sequence, use the simplicity ofH(1) and a formerly derived equation
to obtain
H(1)N02 (c)=H(2)N02 (c)⊂H(1)W 01 (c)=H(1)N01 (c)= (0).
This is therefore a sequence of smaller length
(0)⊂N02 (c)⊂W 02 (c)⊂N03 (c)⊂ · · · ⊂W 0m(c)⊂N0m+1(c)=W 0(c),
and therefore induction on m shows that W 0(c) splits.
(c) It remains to consider the second sequence. Observe that N11 (c)= (0) and
c acts invertibly on W1/N1. Hence
W 11 (c)
∼=W 11 (c)/N11 (c)∼=W1/N1.
Choose a vector space complement
W 1(c)=W 11 (c)⊕U ;
let π :W 1(c)→W 11 (c) denote the associated projection, and set
Γ :W 1(c)→W 11 (c), Γ (v) :=
dimH(1)∑
k=1
(
ek ◦ π ◦ ek
)
(v)
the associated Gaschütz–Ideda operator. It is well known that Γ is a H -module
homomorphism. Also, as W 11 (c) is a H
(1)
-module isomorphic to W1/N1,
Γ
∣∣W 11 (c)= dimH
(1)∑
k=1
ekek
∣∣W 11 (c)= α IdW 11 (c) = 0
(see (a)). Consequently,
W 1(c)=W 11 (c)⊕ kerΓ,
which is now a decomposition of H -modules. Induction on the length m of the
series under consideration shows that W 1(c) also splits. ✷
Theorem 2.5. Let F be algebraically closed of characteristic = 2,3 and L a
F -Lie algebra which acts faithfully, finitarily and irreducibly on the infinite-
dimensional F -vector spaces V and W . Then there is an isomorphism of L-
modules
V ∼=W or V∗ ∼=W (in which case L is of type A).
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Proof. (a) Note that L(1) is simple and acts finitarily and irreducibly on W . Fix
a finite-dimensional simple subalgebra K ⊂ L(1) of X ′
L(1),W
. Then
W = (annW K)⊕KW, dimKW > 217,
min
{
rkW (x)
∣∣ x ∈K\(0)}= 2, KW is K-irreducible.
Set
X1 :=
{
H ∈X ′
L(1),V
∣∣K ⊂H}.
Note that, in particular, every H ∈ X1 has the following properties:
H is simple, K ⊂H, V = (annV H)⊕HV,
dimHV > 217, HV is H -irreducible.
Let
HW =W1 ⊃ · · · ⊃Wm = (0)
be a H -composition series. Then every Wi/Wi+1 is a K-module. By assumption,
HW = (annHW K) ⊕ KW and KW is K-irreducible. Hence there is an index
i0 such that K(Wi/Wi+1) = (0) for all i = i0. Since H is simple, this implies
H(Wi/Wi+1)= (0) for all i = i0.
Also, KW injects into Wi0/Wi0+1. Hence
dimWi0/Wi0+1 > 217
and
min
{
rkW (x)
∣∣ x ∈H\(0)}min{rkW (x) ∣∣ x ∈K\(0)} 2.
[BS01, Theorem 2.13] shows that Lemma 2.4 applies. Thus
W = (annW H)⊕HW, HW ∼=Wi0/Wi0+1.
Then HW is H -irreducible, dimHW > 217.
(b) For every H ∈ X1 fix an isomorphism onto the corresponding matrix
algebra Xk(H) = Ak(H),Bk(H),Ck(H), or Dk(H). By [BS01, Theorem 2.13] there
is an isomorphism such thatHV is the standardXk(H)-module. The same theorem
shows that either HW is the standard Xk(H)-module (then HV ∼= HW as H -
modules), or X = A and HW is the dual to the standard module (then HV∗ =
HV ∗ ∼=HW). In the case X =A set
X ′1 := {H ∈ X1 |HV ∼=HW }, X ′′1 := {H ∈ X1 |HV∗ ∼=HW }.
Then X1 =X ′1 ∪X ′′1 , and therefore X ′1 or X ′′1 is a local system of L(1). Now set
X2 :=


X1 if X = B,C,D,
X ′1 if X =A, and X ′1 is a local system of L(1),X ′′1 otherwise.
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Finally, in the last case we substitute V by V∗, which is compatible with the
assertion. Recall that X ′
L(1),V
=X ′
L(1),V ∗ . Hence we assume that
X2 = {H ∈X1 |HV ∼=HW }
is a local system of L(1) in all cases. We intend to show that V and W are L(1)-
isomorphic, which will prove the theorem for L(1).
(c) For every H ∈ X2 let σH :HV → HW denote a H -module isomorphism
(which exists by definition). Let H ⊂ H ′,H,H ′ ∈ X2. The H -irreducibility of
HV implies
σH ′(HV )= σH ′
(
H(HV )
)=HσH ′(HV )⊂HW,
and a dimension argument shows that σH ′ (HV ) = HW . Hence σ−1H ′ ◦ σH is a
H -module endomorphism of HV . Thus there is α ∈ F ∗ such that
σH ′ |HV = ασH .
Fix v ∈ KV \(0). Then v ∈ HV for all H ∈ X2. The above shows that there is
w ∈W such that σH (v)= βHw for some βH ∈ F ∗, for all H ∈ X2. Substitute σH
by β−1H σH , which still is a H -module isomorphism HV ∼=HW . Then we obtain
σH ′ |HV = σH ∀H ⊂H ′, H,H ′ ∈X2.
Therefore this family (σH )H∈X2 gives rise to a L(1)-module homomorphism
σ :V ∼=W .
(d) If L is simple, then the above proves the theorem. Now assume that L is
not simple. Let xV , xW denote the respective transformations on V and W defined
by x ∈ L, and x ′ = σ ◦ xV ◦ σ−1 ∈ fgl(W). By the above,
xW = σ ◦ xV ◦ σ−1 ∀x ∈L(1).
Therefore [z′ − zW ,xW ] = 0 for all z ∈ L and x ∈ L(1). Thus (z′ − zW )W is a
finite-dimensionalL(1)-invariant subspace of W . However,W is L(1)-irreducible.
Thus (z′ − zW )W = (0), and this proves that zW = σ ◦ zV ◦ σ−1. Hence σ is a
L-module isomorphism. ✷
This result has been proved in [B99] in 0 characteristic.
Corollary 2.6. Let L be an infinite-dimensional finitary irreducible Lie algebra.
Then the local systems
XL, X ′L(1) of L and L(1), respectively,
are natural.
Proof. Let L act faithfully, finitarily and irreducibly on V and W . By Theo-
rem 2.5 either V ∼= W or V∗ ∼= W . Hence XL,V = XL,W or XL,W = XL,V∗ =
XL,V . Thus the local system is independent of the underlying module. Therefore
X ′
L(1),V
=X ′
L(1),W
holds as well. ✷
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3. Finitary Lie algebras
In this section we will investigate finitary Lie algebras L ⊂ fgl(W) with
nilW L= (0), and their representations.
Lemma 3.1. Let F be an arbitrary field and W a F -vector space. Suppose G is
a subalgebra of gl(W) and G ∩ fgl(W) = (0). For every d ∈G ∩ fgl(W), d = 0,
there exists a sequence of G-modules
(0)=W0 ⊂N1 ⊂W1 ⊂ · · · ⊂Wm ⊂Nm+1 =W
such that
(i) dNi ⊂Wi−1 for all i = 1, . . . ,m+ 1,
(ii) Wi/Ni is G-irreducible for all i = 1, . . . ,m,
(iii) 1m rkW (d).
Proof. (a) The set of G-submodules
M := {N <W ∣∣N ∩ dW = (0)}
is nonvoid, and by Zorn’s lemma contains a maximal element N1. Clearly,
dN1 ⊂N1 ∩ dW = (0). Set W :=W/N1.
(b) Suppose U ⊂W is a G-submodule for which U ∩ dW = (0) holds, and
let U ⊂ W denote the full preimage. Then U ∩ dW ⊂ N1 ∩ dW = (0). The
maximality of N1 implies U = N1, hence U = (0). As d = 0, one has W = (0).
Consider the set of all nonzero G-submodules of W . Every descending chain of
nonzero G-submodules of W ,
U0 ⊃U1 ⊃ · · ·
gives rise to a descending chain of finite-dimensional nonzero vector spaces
U0 ∩ dW ⊃U1 ∩ dW ⊃ · · · .
Thus there is n ∈N such that
Un ∩ dW =Un+1 ∩ dW = · · · = (0),
and therefore
⋂
k1Uk is nonzero. By Zorn’s lemma there exist minimal
(nonzero) G-submodules of W . Let W1 ⊃N1 be a preimage of such a module.
(c) Inductively a series of G-modules is constructed
(0)=W0 ⊂N1 ⊂W1 ⊂ · · · ⊂Wm ⊂Nm+1
satisfying (i) and (ii). In the course of this construction it occurs that Wi ∩
dW ⊂ Ni for all i . Therefore m  rkW (d). Thus the sequence terminates at
W after at most rkW (d) steps. ✷
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I do not see reasonably general conditions on a finitary subalgebraL⊂ fgl(W)
to imply that W has a L-composition series (it seems to be used in the proof of
[LP98, Corollary] that such a composition series exists if nilW L= (0)). However,
Lemma 3.1 shows that always irreducible L-factors do exist.
Theorem 3.2. Let F be an arbitrary field and L ⊂ fgl(W) a finitary F -Lie
algebra. Then nilW L is the intersection of all annihilators of irreducible factors,
nilW L=
⋂
{annL U/V | V < U <W, U/V L-irreducible}.
Proof. (a) Suppose V ⊂ U are L-submodules of W and U/V is L-irreducible.
Let ρ :L→ fgl(U/V ) denote the representation. If dimU/V <∞ then Engel’s
theorem proves that ρ(nilW L)= (0).
Suppose dimU/V =∞. By [BS01, Lemma 3.6] there exists a local system Π
of ρ(L) such that (nilH)(U/V ) = (0) for all H ∈Π . In particular this implies
that
ρ(nilW L)ρ(L)(U/V )⊂
⋃
H∈Π
(
ρ(nilW L) ∩H
)
H(U/V )= (0).
Consequently ρ(nilW L)= (0). Therefore nilW L annihilates every L-irreducible
factor module.
(b) Let d ∈L be such that it annihilates every L-irreducible factor module. Let
(0)=W0 ⊂N1 ⊂W1 ⊂ · · · ⊂Wm ⊂Nm+1 =W
be a sequence of L-modules according to Lemma 3.1. Then d(Wi/Ni) = 0
by assumption on d , and dNi ⊂ Wi−1 by assumption on the sequence. Hence
d2m+1W = (0). This proves that the ideal in question is contained in nilW L. ✷
Corollary 3.3. L has a faithful, finitary, completely reducible representation if
and only if nilW L= (0).
Proof. SetW the isomorphism classes of irreducible L-factors U/V of W , and
W˜ :=
∑
{U ′ ∈W}, ρ :L→ gl(W˜ ).
Since L acts finitarily on W , every element of L annihilates all but finitely many
irreducible L-factors. Thus L acts finitarily on W˜ . By Theorem 3.2, nilW L =
kerρ. ✷
A structure theorem follows.
Theorem 3.4. Let F be an arbitrary field of characteristic = 2,3 and L⊂ fgl(W)
a finitary F -Lie algebra satisfying nilW L = (0). Then every ideal contains
a minimal ideal.
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Proof. Let
W˜ :=
∑
i∈I
Wi, Wi L-irreducible,
be a faithful, finitary and completely reducible L-module (Corollary 3.3). Let S
be a nonzero ideal of L. Since S acts finitarily, there is, for every x ∈ S, a finite
nonvoid subset Ix ⊂ I such that xWi = (0) for all i /∈ Ix . Choose d ∈ S\(0) for
which Id has minimal order. Set
S′ :=U(L) · d ⊂ S
the ideal generated by d.
Clearly, S′Wi = (0) for all i /∈ Id . The minimality of Id implies that S′ acts
faithfully on every Wi , i ∈ Id . If dimWi <∞ for some i ∈ Id , then S′ is finite-
dimensional. In this case S′ contains a minimal nonzero L-ideal.
Thus suppose dimWi =∞ for all i ∈ Id . Fix some i ∈ Id . Let µ :L→ fgl(Wi)
denote the representation. By [BS01, Theorem 4.1] µ(L)[3] := [[µ(L),µ(L)],
µ(L)] = (0) is the unique minimal ideal of µ(L). Thus µ(L)[3] ⊂ µ(S′), hence
µ(S′)[3] = µ(L)[3], and therefore S′[3] = (0) is L-simple (recall that µ is faithful
on S′). This is the ideal we are heading for. ✷
We will now investigate representations. The combination of the preceding
results gives the necessary information on local systems and their representations.
Theorem 3.5. Let F be an algebraically closed field of characteristic = 2,3 and
W a F -vector space. Suppose L is a subalgebra of fgl(W) and S is a minimal
ideal of L. Assume that S is not nil, and dimS = ∞. Then there exists a L-
composition factor of W which is S-irreducible. In particular, S is simple, and
there is a natural local system X ′S as described in Corollary 2.2. Every H ∈ X ′S
satisfies the following.
(1) W = (annW H)⊕HW ;
(2) HW ∼=⊕mi=1 Wi is the finite direct sum of irreducible H -modules;
(3) for each i , H is spanned by elements x with rkWi (x) = 2. Moreover,
dimWi > 217 holds for all i .
Proof. (a) Let d ∈ S, d = 0 be arbitrary. According to Lemma 3.1 there is
a sequence of L-modules
(0)=W(0) ⊂N1 ⊂W1 ⊂ · · · ⊂Wm ⊂Nm+1 =W
such that
dNi ⊂Wi−1, Wi/Ni is L-irreducible for all i,
1m rkW (d). (∗)
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Since S is a minimal L-ideal, it follows from the first statement of (∗) that
SNi ⊂Wi−1 ∀i = 1, . . . ,m+ 1.
Since S is not nil, there must be an index k such that
S(Wk/Nk) = (0).
Let ρ :L→ fgl(Wk/Nk) be the representation. The minimality of S implies that
S ∩ kerρ = (0). Since dim S =∞, one also has dimWk/Nk =∞. Consequently,
ρ(L) is a finitary and irreducible subalgebra of gl(Wk/Nk), and ρ(S) ∼= S is
a minimal ideal. Then
S ∼= ρ(S)= ρ(L)(1), ρ(S) is simple, Wk/Nk is S-irreducible.
(b) By Corollary 2.6 there is a natural local system X ′S of S. Let H ∈ X ′S
be arbitrary. Suppose i is an index for which S(Wi/Ni) = (0). As in (a), S acts
faithfully, finitarily and irreducibly on Wi/Ni. By the naturality of X ′S , one has
that
Wi,H :=H(Wi/Ni)/ annH(Wi/Ni) H
is H -irreducible and has dimension > 217. Thus the sequence of L-modules in
(a) can be refined as a sequence of H -modules
(0)=W(0) ⊂N ′k1 ⊂W ′k1 ⊂N ′k2 ⊂W ′k2 ⊂ · · · ⊂W ′Kl ⊂N ′Kl =W
where H acts nilpotently on N ′kj /W
′
kj−1 , and W
′
kj
/N ′kj
∼=Wkj ,H .
Since H is simple by definition, one has
HN ′kj ⊂W ′kj−1 for all j.
Recall that by definition ofX ′S , H is spanned by elements which have rank 2 when
acting on Wkj ,H . As dimWkj ,H > 217, [BS01, Theorem 3.13] shows that Lemma
2.4 applies. Thus W ∼= (annW H)⊕⊕Wkj ,H as H -modules. ✷
Recall that for every subalgebra H ⊂ fgl(W) the associative subalgebra of
EndW generated by H is denoted by EH . Also, E ′H := EH + F IdW .
Lemma 3.6. Let F,W be as in Theorem 3.5, and S ⊂ fgl(W) a simple algebra,
dimS = ∞. Every nonzero left ideal Q of ES contains a minimal left ideal Q˜
of ES , which satisfies Q˜2 = Q˜ = (0).
Proof. (a) Choose a ∈Q\(0) of minimal rank. We claim that Q˜ := E ′Sa ⊂Q has
the required properties. Indeed, let (0) = P ⊂ Q˜ be such that E ′SP ⊂ P. Take
an arbitrary ua = 0, u ∈ E ′S of P . Since a,ua are generated by a finite number
of elements of S there is a finite-dimensional subalgebra H ∈ X ′S such that a,
ua ∈ EH .
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(b) Decompose according to Theorem 3.5: W = (annW H)⊕⊕mi=1Wi , where
everyWi is an irreducible finite-dimensionalH -module. Thus EH(annW H)= (0),
EH (Wi)=Wi for all i . The minimality of ranks therefore imply:
m∑
i=1
rkWi (ua)= rkW (ua)= rkW (a)=
m∑
i=1
rkWi (a);
hence rkWi (ua)= rkWi (a) for all i . Since EH |Wi = EndWi (by the irreducibility
of Wi ), there is an index k, and v ∈ Wk with ua(v) = 0, and u˜ ∈ EH such
that u˜ua(v) = a(v). Thus u˜u − IdW maps the finite-dimensional space aW
noninjectively into W , and therefore the element u˜ua − a ∈Q has rank smaller
than rk(a). By choice of a this is only possible if u˜ua − a = 0. Hence a =
u˜ua ∈ P , which yields P = Q˜. Thus Q˜ is a minimal left ideal.
(c) Suppose Q˜2 = Q˜. The minimality of Q˜ implies Q˜2 = (0). Then Q˜E ′S is
a two-sided ideal of ES which satisfies(
Q˜E ′S
)2 = Q˜E ′SQ˜E ′S ⊂ Q˜2E ′S = (0).
Now E ′HaE ′H ⊂ Q˜E ′S is a nilpotent two-sided ideal of EH . However, every
nilpotent ideal of EH annihilates W . Thus a = 0, a contradiction. ✷
Theorem 3.7. Let F be an algebraically closed field of characteristic = 2,3 and
W a F -vector space. Suppose L is a subalgebra of fgl(W) and S is a minimal
ideal of L. Assume that S is not nil, and dimS =∞. Then
SW =
m⊕
i=1
Wi
is the finite direct sum of L-modules. Every Wi is a nontrivial and irreducible
S-module.
Proof. (a) We are going to prove first, that SW has a S-composition series of
finite length. Theorem 3.5 shows that S is simple. Due to Lemma 3.6 (with
Q= ES) there is a minimal left ideal P of ES satisfying P 2 = P . Choose w ∈W
with Pw = (0). Observe that Pw is an irreducible S-submodule of SW satisfying
SPw = (0).
Set W˜ := W/Pw. If SW˜ = (0), then SW = Pw. Otherwise S injects into
fgl(W˜ ), as S is simple. Inductively one constructs a sequence
(0)⊂W1 ⊂ · · · ⊂Wm ⊂W
of S-modules such that every Wi/Wi−1 is S-irreducible (and nontrivial). This
construction terminates after mmin{rk(x) | x ∈ S\(0)} steps. Then SW =Wm.
The claim follows.
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(b) Next we prove that SW is the finite direct sum of irreducible S-modules.
Induction on the length of the composition series reduces the proof to the case
m= 2,
(0)⊂W1 ⊂W2 = SW, W1,W2/W1 S-irreducible.
Set
R1 :=
{
u ∈ ES
∣∣ uW1 = (0)}, R2 := {u ∈ ES ∣∣ u(W2/W1)= (0)}.
Since ES/R1 and ES/R2 are the respective associative subalgebras of EndW1 and
End(W2/W1) generated by S, Corollary 2.3 shows that ES/R1 and ES/R2 are
simple algebras.
Suppose R1 = (0) or R2 = (0). Then ES is simple and hence R1 = R2 = (0).
Choose a minimal left ideal P ⊂ ES . Then PW1 = (0), P(W2/W1) = (0), and
therefore there are w1 ∈W1, w2 ∈W2\W1 such that
Pw1 = (0), Pw2 ⊂W1.
Since Pw1,Pw2 are irreducible S-modules, one obtains W2 = Pw1 ⊕Pw2. The
claim follows in this case.
Suppose that R2 ⊂ R1. Then R22W = (0). Lemma 3.6 shows that R2 = (0),
because otherwise R2 would contain a nonnilpotent minimal left ideal. This is the
former case.
Finally suppose that R2 ⊂ R1. Since ES/R1 is simple, one has ES = R1 +R2.
Since R1 ∩R2 acts nilpotently on W , it vanishes according to Lemma 3.6. Hence
ES =R1 ⊕R2, RiRj = δi,jRi (i, j = 1,2).
Therefore
W2 = ESW = (R1W)⊕ (R2W).
As both summands are nontrivial S-modules, the Jordan–Hölder theorem shows
that these summands are S-irreducible. The claim follows.
(c) As a result of (b),
SW =
m⊕
i=1
Wi, Wi S-irreducible, SWi = (0).
Since S is infinite-dimensional and simple, one has dimWi =∞ for all i . Let
x ∈L be arbitrary. Then
dim(xWi +Wi)/Wi  rk(x) <∞.
On the other hand, there is a surjective S-module homomorphism
Wi → (xWi +Wi)/Wi, w → xw+Wi.
Since Wi is irreducible and infinite-dimensional, this is only possible if the image
is (0). Thus xWi ⊂Wi for all x ∈ L. Consequently, every Wi is L-invariant. ✷
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We summarize the preceding results into the following picture. Let F be
algebraically closed of characteristic = 2,3 and L ⊂ fgl(W) a F -Lie subalgebra
with nilW L= (0). There is a family (Si)i∈I of minimal ideals. Every ideal of L
contains one of these minimal ideals (Theorem 3.4). Set
Iinf = {i ∈ I
∣∣ dimSi =∞}, Zinf = {x ∈L ∣∣ [x,Si] = (0) ∀i ∈ Iinf},
and
S :=
∑
i∈Iinf
Si +Zinf.
(a) Every Si (i ∈ Iinf) is simple (Theorem 3.5), every minimal ideal in Zinf is
finite-dimensional.
(b) Let i ∈ Iinf. Then
SiW =
mi⊕
j=1
Wi,j
is the direct sum of L-modules, which are Si -irreducible (Theorem 3.7). Thus
Si(SiW) = SiW. The L-modules Wi,j are described in Theorem 2.5. Suppose J
is an ideal satisfying [J,Si ] = (0). Then every x ∈ J acts on Wi,j by a multiple of
the identity. Since rkW (x) < ∞ and dim Wi,j =∞, one has xWi,j = (0). Thus
JSiW = (0)= SiJW . Consequently,
SW =
⊕
i∈Iinf
SiW ⊕ZinfW
is the direct sum of L-modules.
4. Lie algebras containing elements of finite rank
In [B01] the infinite-dimensional irreducible Lie algebras L ∈ gl(V ) satisfying
L ∩ fgl(V ) = (0) over an algebraically closed field of characteristic 0 have been
described. We are going to attack this problem if the characteristic is bigger than 3.
It turns out that the Blattner–Dixmier theory modified by Block for characteristic
p Lie algebras [Bl68], elaborated and extended by the author in the context of
his work on the classification of simple Lie algebras in positive characteristic, is
the main tool to solve the mentioned problem. In contrast to the characteristic 0
case, over an algebraically closed field of characteristic p > 0 a Lie algebra G
having no nontrivial (DerG)-invariant ideals need not be simple. Due to Block
[Bl68] they are of the following form (under some weak finiteness conditions). Let
F [m;1] := F(X1, . . . ,Xm)/(Xp1 , . . . ,Xpm) denote the quotient of the polynomial
ring in m indeterminates by the maximal derivation invariant ideal. F [m;1] is
called a truncated polynomial ring. The derivation algebra
W(m;1 ) := DerF [m;1 ]
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is called a Witt algebra. Every derivation simple Lie algebra G is of the form
G=G0 ⊗F F [m;1], where G0 is a simple Lie algebra.
Suppose G is a restricted Lie algebra, with p-mapping [p] :G→G. Then
u(G) :=U(G)/〈xp − x[p] ∣∣ x ∈G〉
denotes the restricted universal enveloping algebra.
Theorem 4.1. Let F be an algebraically closed field of characteristic p > 3 and
V an infinite-dimensional F -vector space. Suppose L ⊂ gl(V ) is an irreducible
subalgebra satisfying fL := (L ∩ fgl(V )) = (0). Set
G := (fL)(1)/nil(fL)(1), V = V/(nil(fL)(1))V.
The following holds.
(1) G is simple, (fL)(1) is L-simple.
(2) There is m 0 such that
(fL)(1) ∼=G⊗F [m;1 ], V ∼= V ⊗F [m;1 ],
L ↪→ (Der0(G⊕ V )⊕F [m;1 ])⊗ (Id⊗W(m;1 )),
where
Der0
(
G⊕ V )= {d ∈ gl(V ) ∣∣ [d,G] ⊂G, d(gv)= [d,g]v + dgv
∀g ∈G, v ∈ V }.
(3) V is the finite sum of isomorphic irreducible G-modules.
Proof. (a) Due to [B01, Theorem 5.1] the fL-module V has a composition series
of finite length
V = V1 ⊃ · · · ⊃ Vs ⊃ (0),
with isomorphic composition factors. Let nil(fL) denote the maximal ideal of fL
annihilating Vs . Then nil(fL) · (Vi/Vi+1)= (0) for all i = 1, . . . , s, and therefore
nil(fL) is the maximal ideal of fL consisting of nilpotent transformations. By
definition,
fL/nil(fL) ↪→ fgl(Vs)
injects into fgl(Vs) and its image is an irreducible Lie algebra. Due to [BS01,
Theorem 4.1] (fL/nil(fL))(1) is simple. Therefore
nil(fL)(1) = (fL)(1) ∩ nil(fL) and G= ((fL)/nil(fL))(1).
Then G is simple. Moreover, Vs is an irreducible G-module [BS01, Theorem
4.1], and therefore all composition factors are (fL)(1)-irreducible. If G would be
finite-dimensional, then so would GVs = Vs , hence V .
H. Strade / Journal of Algebra 257 (2002) 13–36 31
(b) Let Lp denote the p-envelope of L in gl(V ), i.e., the Lie algebra generated
by L and iterated associative pth powers in gl(V ). Set
V ′ := {v ∈ V ∣∣ (nil(fL)(1))v = 0},
K := {D ∈Lp ∣∣ [D,nil(fL)(1)]⊂ nil(fL)(1)},
K ′ := {D ∈Lp |DV ′ ⊂ V ′
}
.
Recall that Vs ⊂ V ′, so V ′ = (0). Since ann(fL)(1) V ′ ⊃ nil(fL)(1) is an ideal of
(fL)(1) and (fL)(1)/nil(fL)(1) is simple, it can only be that (fL)(1)V ′ = (0) or
ann(fL)(1) V
′ = nil(fL)(1). In the first case, annV (fL)(1) is a nonzero L-submodule
of V . Hence it is V , which means that (fL)(1) = (0). This contradiction shows
that
ann(fL)(1) V
′ = nil(fL)(1).
It is clear that K ⊂ K ′. To prove the converse let D ∈ K ′. It is immediate that
[D,nil(fL)(1)] annihilates V ′. Hence [K ′,nil(fL)(1)] ⊂ nil(fL)(1), and this shows
K ′ ⊂K . Thus K =K ′.
Due to Theorem 3.7 (with W = V ′ and L = S = G), GV ′ =⊕mi=1 V ′i is the
direct sum of irreducible G-modules. This in fact means, that (fL)(1)V ′ is the
direct sum of irreducible (fL)(1)-submodules of V . Since all composition factors
of the (fL)(1)-module V are isomorphic to Vs this means
(fL)(1)V ′ = V ′, V ′ ∼=
m⊕
Vs.
Note that End(fL)(1) Vs is a division algebra of finite F -dimension [BS01, Lemma
3.1]. Since F is algebraically closed, one obtains End(fL)(1) Vs ∼= F . Hence Vs is
absolutely irreducible.
We have now verified all assumptions of [S00, Theorem 5.7] with G = Lp ,
I = (fL)(1), N = V ′, Ni ∼= Vs , kerρ = nil(fL)(1) (this theorem does not require
the finite dimensionality of Ni but only its absolute irreducibility). The universal
property of the tensor product gives rise to a Lp-module homomorphism
ψ :u(Lp)⊗u(K) V ′ → V, ψ(u⊗ v)= u · v.
The irreducibility of V implies that ψ is surjective. By the above theorem kerψ
is induced by (kerψ) ∩ (F ⊗ V ′)= (0). Thus ψ is injective,
u(Lp)⊗u(K) V ′ ∼= V.
Let (ei)i∈I be a cobasis of Lp with respect to K , and(
ea :=
∏
e
ai
i
∣∣∣ 0 ai < p, ai = 0 for all but finitely many i)
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a basis of the free u(K)-module u(Lp) (by the PBW–Jacobson theorem). Then,
as (fL)(1) is an ideal of L, one has for every x ∈ (fL)(1):
x(ea ⊗ v)≡ ea ⊗ xv mod
( ∑
|b|<|a|
eb ⊗ V ′
)
.
This implies
∞> rkV (x)
(
pdimLp/K
)
rkV ′(x).
Choose x ∈ (fL)(1)\nil(fL)(1). Then rkV ′(x) = 0. We obtain
dimLp/K <∞.
(c) Set in [S00, Theorem 5.4]
A := (fL)(1)⊕ V with the natural Lie multiplication,
A1 := nil(fL)(1)⊕
(
nil(fL)(1)
)
V,
G := Lp,
K := {D ∈ Lp ∣∣ [D,nil(fL)(1)]⊂ nil(fL)(1)}.
That theorem establishes a Lp-invariant homomorphism of algebras
χ :A→ Homu(K)
(
u(Lp),A/A1
)
, χ(x)(u)= u(x)+A1,
with the additional properties:
(i) χ(V )⊂ Homu(K)
(
u(Lp),V
/(
nil(fL)(1)
)
V
)
,
(ii) χ
(
(fL)(1)
)⊂ Homu(K)(u(Lp), (fL)(1)/nil(fL)(1)),
(iii) kerχ ⊂ nil(fL)(1)⊕ (nil(fL)(1))V is L-invariant.
Since V is L-irreducible, (kerχ)∩V = (0). Then (kerχ)V = (0), which implies
kerχ ⊂ V and kerχ = (0).
Since dimLp/K =:m<∞, there is an isomorphism of Lp-modules
Homu(K)
(
u(Lp),A/A1
)→ u(Lp)⊗u(K) (A/A1)σ
where σ is a twist which is the identity on (fL)(1) ⊂K [S97, Theorem 2.1]. Let
Λ : (fL)(1) ↪→ u(Lp)⊗u(K) Gσ
denote the composite homomorphism of Lp-modules. Note that G is simple,
hence it is (fL)(1)-irreducible. [S00, Theorem 5.7] shows that Λ((fL)(1)) is
induced by Λ((fL)(1)) ∩ (F ⊗ Gσ ) = (0). Since G is (fL)(1)-irreducible, F ⊗
Gσ ⊂Λ((fL)(1)). Thus Λ is surjective.
Similarly, let
Λ′ :V ↪→ u(Lp)⊗u(K)
(
V
/(
nil(fL)(1)
)
V
)σ
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denote the composite homomorphism. As in (b) Theorem 3.7 shows that
V/(nil(fL)(1))V is the direct sum of isomorphic G-modules (which means:
(fL)(1)-modules). As before, this shows that there is a K-invariant subspace W of
V/(nil(fL)(1))V , such that
Λ′(V )= u(Lp)⊗u(K) Wσ .
Then
χ(V )= Homu(K)
(
u(Lp),W
)
.
Note that
W ! χ(v)(1)= v + (nil(fL)(1))V ∀v ∈ V,
hence W = V/(nil(fL)(1))V = V . Thus there is a Lp-invariant algebra isomor-
phism
χ : (fL)(1)⊕ V →Homu(K)
(
u(Lp),G⊕ V
)
.
Since dimLp/K <∞, the homomorphism of algebras given in [S97, Theorem
2.2] is an isomorphism
Homu(K)
(
u(Lp),G⊕ V
) ∼= (G⊕ V )⊗Homu(K)(u(Lp),F )
∼= (G⊕ V )⊗ F [m;1]
(for the last isomorphism see [Sk91]). Thus we obtained a simultaneous
description
(fL)(1) ∼=G⊗ F [m;1 ], V ∼= V ⊗F [m;1 ],
and the (fL)(1)-module structure of V is given by the canonical action of
G⊗ F [m;1 ] on V ⊗ F [m;1 ].
(d) It remains to prove the assertion on L. [S97, Theorem 2.2] shows that L
acts on Homu(K)(u(Lp),G⊕ V ) by derivations. The kernel of this action is
I := {D ∈ L ∣∣Dϕ = 0 ∀ϕ ∈ Homu(K)(u(Lp),G⊕ V )}
= {D ∈ L ∣∣ ϕ(uD)= 0 ∀ϕ ∈ Homu(K)(u(Lp),G⊕ V ), u ∈ u(Lp)}.
In particular, ϕ(D)= 0 for all ϕ ∈Homu(K)(u(Lp),G⊕ V ) and D ∈ I. Then
(0)= χ(V )(I)= IV + (nil(fL)(1))V,
whence IV ∈ (nil(fL)(1))V = V is a L-submodule of V . Consequently IV = (0)
and I = (0). This shows that L acts faithfully on (G ⊕ V ) ⊗ F [m;1 ] by
derivations. [Bl68, Theorem 3] proves the final claim. ✷
The representation theory of these algebras is less strict than that of finitary
Lie algebras. Suppose F is as in the theorem and L is an irreducible subalgebra
of both gl(V ) and gl(W) such that fV L= fWL = (0). We have proved that
V = V 0 ⊗ Fr, W =W 0 ⊗ Fs
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where V 0,W 0 are irreducible (fL)(1)/nil(fL)(1)-modules. Theorem 2.5 shows
that
V 0 ∼=W 0 or V 0,∗ ∼=W 0.
However, r and s are almost arbitrary. As an example, let G ⊂ fgl(V ) be
an infinite-dimensional irreducible Lie algebra, H any finite-dimensional Lie
algebra. Then V ⊗ Fr carries the structure of an irreducible (G⊗ Id + Id⊗H )-
module whenever r is the dimension of an irreducible H -module. In this case
clearly G⊗ Id is the ideal of finitary elements in G⊗ Id+ Id⊗H .
The ingredients G and m in the theorem are uniquely determined because we
assume that fV L= fWL.
There is an analog of Theorem 3.4.
Theorem 4.2. Let F be an algebraically closed field of characteristic = 2,3
and L ⊂ gl(W) a F -Lie algebra satisfying (nilW L) ∩ fL = (0). Then every
ideal S satisfying S ∩ fL = (0) contains a minimal ideal. Every such minimal
ideal of infinite dimension is a simple algebra if char(F )= 0, and is L-simple if
char(F ) > 3.
Proof. Let I denote a set of representatives of isomorphism classes [U/V ],
where V ⊂ U are L-submodules of W and U/V is L-irreducible. For every
x ∈ S ∩ fL set
Ix =
{
U/V ∈ I ∣∣ x(U/V ) = (0)}.
Lemma 3.1 shows that |Ix |<∞. Choose d ∈ S ∩ fL for which |Id | is minimal.
Set
S′ :=U(L) · d ⊂ S ∩ fL.
Clearly, S′(U/V )= (0) for all U/V /∈ Id . If |Id | = 0 then Lemma 3.1 shows that
S′ ⊂ (nilW L) ∩ (fL)= (0), a contradiction. Let U =U/V ∈ Id , and
µ :L→ gl(U)
denote the representation. The minimality of |Id | implies that S′ acts faithfully
on U . If dimU <∞ then the claim follows. So assume that dimU =∞. Suppose
char(F ) = 0. Then [B01, Theorem 1.4] shows that (fµ(L))(1) is the unique
minimal ideal of fµ(L), and it is simple. Then
S′(1) ∼= µ(S′)(1) = (fµ(L))(1) = (0).
Thus S′(1) is a minimal ideal of L in S, which is simple.
Suppose char(F )= p > 3. Theorem 4.1 shows that (fµ(L))(1) is µ(L)-simple
and C(fµ(L)) = (0). As before, S′(1) is a minimal ideal of L in S, which is
L-simple.
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Finally suppose that S contains an infinite-dimensional minimal ideal. Clearly
we may assume that S itself is minimal. Then S′(1) = S, and S is simple or
L-simple in the respective cases. ✷
No analogue of Theorem 3.7 seems to be true as the following examples show.
(a) Let G⊂ fgl(U) be an infinite-dimensional, simple, irreducible Lie algebra,
and H a finite-dimensional Lie algebra which has a finite-dimensional faithful not
completely reducible module V . Then
L :=G⊗ Id+ Id⊗H ⊂ gl(U ⊗ V ),
fL=G⊗ Id is a minimal ideal,
(G⊗ Id)(U ⊗ V )=U ⊗ V,
but U ⊗ V is not completely reducible as a L-module, as V is not a completely
reducible H -module.
(b) Let char(F ) = p > 0. The commutative associative algebra F [1;n ]
(“divided power algebra”) is defined as the pn-dimensional vector space with
basis (x(a))0a<pn and multiplication
x(a)x(b) =
(
a + b
a
)
x(a+b).
The setting
x(a) = 1
a!x
a, 0 a < p,
gives a realization of the truncated polynomial ring F [1;1] in this way. Let
G⊂ fgl(V ) be an infinite-dimensional irreducible subalgebra, set
S :=G⊗ F [1;1 ], L := S ⊕ F∂,
W := V ⊗ F [1;n ], ∂(v⊗ x(i)) := v⊗ x(i−1).
Then fL= S, SW =GW =W . Every L-submodule of W contains V ⊗ F , and
every minimal S-submodule of W is of the form
V ⊗ Fx(ap−1) (0 < a  pn−1).
Thus W is not completely reducible, neither as a L-module nor as a S-module.
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